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A-I. NON-EQUILIBRIUM THERMAL
INJECTION
The heat energy flow Qeh from the “hot” electrode H
with temperature TH into a much colder heat sinks Ce(h)
proceeds along the G-stripe with temperature TG (TH >>
TG). The process happens in two stages (i) the thermal
injection H→RR and (ii) heat/current transfer along the
G−stripe as illustrated by the energy diagrams at the top
of Fig. 2b (main text). In the diagram we show the dis-
tribution function of “hot” excessive quasiparticles δne,h
in H where δne = [n(ε/TH) − n(ε/TG)]θ(ε − εF) corre-
sponds to the thermally excited excessive electrons while
δnh = −[n(ε/TH) − n(ε/TG)]θ(εF − ε) describes the ex-
cessive hole thermal excitations [here n(x) = 1/(ex+1)].
In stage (i) the temperature difference δT = TH−TG ini-
tializes the non-equilibrium ”thermal injection“ of “hot”
electrons and holes from H into the two levels ±∆ local-
ized inside the recombination region RR. As a result, the
upper +∆ level becomes inversely populated by the non-
equilibrium electrons while the lower level −∆ is pop-
ulated with non-equilibrium holes. The process is de-
scribed by the quantum kinetic equation [10]
∂nε
∂t
= LH/RR {ε, nε}+ Lep {ε, nε}+ Leh {ε, nε}+ LRR/Ce,h {ε, nε} . (1)
In the quasistationary case, one sets ∂nε/∂t ≡ 0 which gives
ΓH/RR
(
nHε − nRRε
)
+ ΓRR/Ce,h
(
nRRε − ne,hε
)− nRRε − nFε
τeh
− n
RR
ε − nFε
τep
= 0, (2)
where we have used LH/RR = ΓH/RR
(
nHε − nRRε
)
for the non-equilibrium thermal injection, Lep =(
nRRε − nFε
)
/τep is the electron-phonon collision term,
Leh =
(
nRRε − nFε
)
/τeh describes the electron-hole re-
combination, [4] and LRR/Ce,h = ΓRR/Ce,h
(
nRRε − ne,hε
)
accounts for the HCF electron/hole escapes from RR into
directions of Ce,h. The corresponding electron distribu-
tion functions are approximated as nHε = 1/
(
eε/TH + 1
)
in the H electrode and ne,hε = 1/
(
e(ε±U0)/Tc + 1
)
in the
Ce,h shoulders where U0 = VG/α is the back gate-induced
shift of the electron electrochemical potential, α is the
back gate efficiency, nFε is the Fermi function. Besides,
TH(c) are the effective electron temperatures in the H and
Ce,h-adjacent regions. The non-equilibrium distribution
function nRRε in the RR region then is
nRRε =
ΓRR/Ce,hn
e,h
ε − ΓH/RRnHε − ΓεnFε
ΓRR/Ce,h − ΓH/RR − Γε
(3)
where the electron energy broadening is Γε = ~/τeh +
~/τep. If using Pd as a metal electrode one typically
gets [11] ΓH/RR = 5 meV for a rough G/Pd-interface
while ΓH/RR = 60 meV for a smooth G/Pd interface,
ΓRR/Ce,h = 100 meV, Γε = 1.5 meV. The temperatures
are taken as TH = 630 K, TRR = 330 K, and TG = 300 K,
the level position ∆ = 50 meV, which corresponds to the
split gate voltage VSG = 0.1 V. The above formulas al-
lows computing the electric and thermal currents. Both
types of the currents are inhomogeneous in vicinity of
the H and Ce,h electrodes on the corresponding spatial
lengths Lel ∼ 10− 100 nm and Lth ∼ 100− 250 nm. [11]
The “hot” conventional electrons coming from H in RR
are converted inside RR into the ”heavy” HCF excita-
tions during the short time [11] τc ≃ ~/Γ (in Ref. [11]
τc ≃ 10−13 s, due to the energy level broadening be-
cause the tunneling coupling between H and G. One
finds Γ = hvHTH/RR/(4dH) ≃ 5 meV where TH/RR is the
H/RR interface transparency, vH is the Fermi velocity in
H, dH is the contact barrier thickness). (ii) The second
stage consists of the chiral transport, RR→ G, which
occurs on the longer timescale τesc ≤ L/v ≃ 10−12 s.
Then most of the HCF electrons and holes inside RR are
2FIG. 1: Color online. The electron (solid blue curve) and hole
(dash red curve) driving factors ΥH/RR(ε) where ε is in units
of ∆.
captured by the adjacent FETL,R. Simultaneously, mi-
nor fractions of HCF electrons and holes annihilate with
each other [14] during the time τeh ≥ 10−12 s [typically
τ−1esc ∼ (3 − 7) · τ−1eh ]. It sets a requirement to the spa-
tial dimension of RR as L0 = vτeh ≤ 1 µm. Since the
thermal injection is essentially a non-equilibrium process,
the transforming of electron states between the stages (i)
and (ii) is incoherent.
Knowing nRRε , one computes the electric conductance,
Ge, Seebeck coefficient, S, and the electronic part of
the heat conductance, Λe. The electric current through
the H/RR-contact vanishes (formally one gets GH/RR ≡
0) because due to symmetry electron and hole excita-
tions in graphene the electron part of the electric cur-
rent is compensated by the hole part. For such rea-
sons when computing the conductance for the whole
TEG one formally sets the H/RR-contact conductance
GH/RR to zero. The physical meaning of this mathemat-
ical trick is that the RR-region is neutral (as the HH-
region also is) because number of electrons there is equiv-
alent to the number of holes. For the same reason there
is also no finite bias voltage across the H/RR-contact
(VH/RR ≡ 0). The H/RR contact Seebeck coefficient
also vanishes since it is SH/RR = S(e)H/RR + S
(h)
H/RR ≡ 0.
Here S(e)H/RR = − (1/eT )
(
L(1)/L(0)
)
= VH/RR/δTH/RR
where VH/RR is the bias voltage (which is also equal to
zero) and δTH/RR is the temperature difference across
the H/RR interface. Besides, due to the opposite elec-
tric charge of electrons and holes, one gets S(e)H/RR =
−S(h)H/RR. Above we have introduced auxiliary func-
tions L(α) =
(
2e2/h
) ∫
dε · (ε− µ)αM (ε) T (ε)ΥH/RR(ε)
where ΥH/RR(ε) = −∂
[
nHε − nRRε
]
/∂ε is the driving fac-
tor, α = 1 . . . 3, Me (E) = NG (E) (~v/L) is the num-
ber of modes, NG (E) is DOS shown in Fig. 3b (main
text), L is the G-stripe length, T (ε) is the contact trans-
parency. Unlikely to GH/RR and SH/RR, which formally
vanish at the H/RR contact, the contact thermal con-
ductance ΛH/RR = (L
(2)
H/RR − [L
(1)
H/RR]
2/L
(0)
H/RR)/(e
2T ) =
L
(2)
H/RR/(e
2T ) remains essentially finite. A technical com-
plication here is that the electron and hole excitation en-
ergies are represented by a non-analytical expression (2).
One can overcome that issue by using either of the tricks.
The solution of Eq. (2) near the HCF singularity is ap-
proximated by an analytical expression as we did at the
end of Section II. Another trick is using the model form
Me(ε) =
√
m∗/me · δ(ε − ∆) which gives ΛH/RR ≃
FH/RR
√
m∗/me(2∆
2/h)/δTH/RR where δTH/RR is an ef-
fective electron temperature difference across the H/RR-
interface, and FH/RR = (−∂[nHε − nRRε ]/∂ε)ε=∆ ≈ 0.1.
The non-equilibrium injection is characterized by the
electron driving factor ΥH/RR(ε) shown in inset Fig. 4c
(main text). The holes are characterized by a very similar
factor but it depends on the energy differently: the min-
imum ΥhH/RR(ε) for holes occurs at the negative energy.
We emphasize that both the driving factors, for electrons
and holes, give pretty much the same L(i) for the elec-
trons and holes. Therefore when computing L(i), one just
have to use the electron/hole symmetry and remember
that the electron and holes have opposite charge. This
approach formally gives no electric current (I = GV = 0)
and no Seebeck effect (V = SδT = 0) through the H/RR
interface, while the heat flow due to tunneling electrons
and holes is essentially finite. The situation is remarkably
different for the electron and hole transport along the G-
stripe. Since the electron and hole transports are sepa-
rated from each other and proceed in opposite directions
both, I = GV 6= 0 and V = SδT 6= 0, i.e., they are essen-
tially finite. The electron/hole heat transfer is shunted
by the phonon part of heat flow. However the latter is
strongly diminished since the G-stripe is connected in se-
quence with the multilayer metallic pad with very low
heat conductance Λ. A very important consequence of
the above properties is that the partial contact conduc-
tance G and Seebeck coefficient S which are immediately
related to the metal/graphene interface do not contribute
into the G and S entering ZT for the whole TEG. That
happens because the electric current flows only along the
graphene stripes, and no electric current occurs between
the “hot” electrode and graphene in perpendicular direc-
tion. In contrast, the thermal flow occurs between the
“hot” metal electrode and graphene, then it splits into
the two different directions. The electrons carry the heat
to the source electrode while the holes transfer the heat
to the drain electrode. The fraction of phonons which
penetrate from the “hot” electrode through the multi-
layered pad into the graphene stripe also splits into the
3two parts which carry the heat along the graphene stripe
in the opposite directions.
There are at least two evident benefits of the tun-
neling injection from the “hot” electrode into the HCF
levels of the graphene stripe. (a) The sharp HCF sin-
gularities ensure a very good electric conductance and
Seebeck coefficient along the graphene stripe. (b) From
the thermal current stand point, the H/RR contact is
connected in sequence with the graphene stripe. Next,
the thermal conductance of the H/RR contact is much
lower than the thermal conductance of the graphene
stripe. Therefore the resulting net thermal conductance
Λ = (2Λ−1H/RR + Λ
−1
RR/c)
−1 is considerably diminished.
Both the factors, (a) and (b), work toward considerable
improving the TEG figure of merit.
Although the contact Seebeck coefficient SH/RR and
the contact electric conductance GH/RR through the
H/RR interface formally vanish (i.e., SH/RR = 0 and
GH/RR = 0, as shown above), the contact thermal con-
ductance ΛH/RR remains essentially finite. [6,11] After
being thermally injected from H into RR, the electrons
and holes are quickly (during time ∼ 10−13 s) converted
into the HCF excitations. In the RR region, the non-
equilibrium HCF electrons and holes populate the levels
±∆ inversely: the upper +∆ level is populated by ex-
cessive HCF electrons while the lower −∆ level by the
excessive HCF holes.
In the configuration shown in Fig. 2 (main text), the
holes ballistically propagate from RR toward Ch while
the electrons in the left G-section proceed from RR to-
ward Ce. Thus, the latter stage implies a chiral transmis-
sion of the excessive non-equilibrium HCF electrons from
the upper +∆ level localized in RR into the upper ∆−U0
level located in the uncovered G-section adjacent to Ce
(see the diagram at the top of Fig. 2b, main text) where
U0 ≤ γ, γ is the localized level width. Simultaneously,
the excessive holes are transmitted from the lower −∆
level in RR into the lower −∆ + U0 level localized near
Ch. In this way, the full thermal flow Qel from H to RR
is eventually split between the Ch and Ce sections of the
graphene stripe G. In the uncovered G-section, broaden-
ing γ of the HCF level E0 originates from coupling of the
HCF states to the phonons. It yields γ = γph = ~/τph
(typically τph ≃ 10−12 s at T = 10 K). In the RR section,
there is an additional coupling [11] to the electron states
in H which gives γ = γph + γH.
Along the G-stripe, the TEG parameters S, Ge, and Λe
are determined purely by the electron and hole transport.
The underlying physical mechanism is the chiral trans-
mission of the HCF electrons and holes from the neutral
RR section to the voltage p- and n-doped G-sections. In
the same approximation, one evaluates the electric con-
ductance of FETL,R along the G-stripe between the RR
and Ce,h as
GRR/C = L
(0)
RR/C =
2e2
h
∫
dεM (ε) TRR/C
e(h)
(ε)ΥRR/C(ε)
=
2e2
h
√
m∗
me
TRR/Ce(h) (ε)ΥRR/C(ε)|ε=∆ (4)
where ΥRR/C(ε) is shown in Fig. 4d (main text). Anal-
ogously, one finds Seebeck coefficient along the G-stripe
SRR/C ≃ (∆/e) /δTRR/C = VSG/δTRR/C and ΛRR/C =
L
(2)
RR/C/e
2T − TS2eGe ≃ 2
√
m∗/me
(
∆2/δTRR/C
)
/h −
2
√
m∗/me
(
∆2/δTRR/C
)
/h → 0. The last result in-
dicates that Seebeck coefficient SRR/C could be huge
while the electron/hole part of the thermal conductance
ΛRR/C along the stripe is typically low. The phonon
part of the heat energy flow is QphRR/C = ΛphδTRR/C =
Nphκ0δTRR/C where κ0 = 5 × 10−12 W/K at T = 10
K while the number of phonon modes Nph also depends
on the temperature and the stripe geometry. The elec-
tron/hole heat energy flow is
Qeh = δT 2 · S2e(h)Ge(h) = δT 2 · S2RR/CGRR/C
≃ 2e
2
h
V 2SG ·
(
δTH/RR
δTRR/C
)2√
m∗
me
=
2e2
h
V 2SG · κHCF (5)
where we have used VSG = 2∆/e, SRR/C = VSG/δTRR/C,
GRR/C =
√
m∗/me(2e
2/h), and we have defined the fac-
tor κHCF. Because
κHCF =
(
δTH/RR
δTRR/C
)2√
m∗
me
(6)
can be big, κHCF >> 1, one might achieve huge values
of Qeh. Typically Λ
H/RR
ph << Λ
RR/C
ph , therefore the G-
TEG net “phonon” heat conductance [1] is Λph ≃ ΛH/RRph ,
which can be comparable to the contact electron heat
conductance ΛH/RR = 2∆
2
√
m∗/meFH/RR/(h ·δTH/RR).
It means that only the contact electron/hole and phonon
heat conductances actually contribute into Λ. Summa-
rizing the above estimates one arrives at ZδT >> 1.
A-II. Blocking the phonon flow by multilayered
electrodes.
Electric/heat conductance valve
A general scenario for improvement the figure of merit
ZT implies increasing the Seebeck coefficient S and elec-
tric conductance G on one hand while reducing the heat
conductance Λ on the other hand. A considerable raise
of S and G is achieved by implementing the quantized
state resonances. The reducing of Λ while preserving S
4and G is accomplished when implementing of metallic
multilayers with the layer thickness randomly changed
between L ∼ 10 − 100 nm. The random layer thick-
ness change is introduced to eliminate resonance trans-
mission of phonons. Thus the phonon flow across the
multilayer is decimated due to the low transmission prob-
ability ζ << 1. However the contribution of phonons to
the heat transfer might exceed the contribution due to
the electrons and holes. The multilayer actually acts like
a filter for the two components of microscopic heat trans-
port.
The heat flow filtering mechanism is understood within
a simple analytical model. The multilayer represents a
sequence of bilayers shown in Fig. 2a (main text) where
metallic layers A and B are characterized by different
Fermi (vA,BF ) and sound (sA,B) velocities. The phonon
heat conductance through the multilayer Λph is obtained
from the Landauer formula. [27,28] One writes
Λph =
1
2pi (TH − TC)
∫ ∞
0
~ωζω
(
NHω −NCω
)
dω (7)
where TH,C and N
H,C
ω are the temperatures and the
Bose-Einstein distribution functions in the “hot” and
“cold” ends. The phonon transmission probability ζω
is obtained by the mode matching method. [13] If
the temperature gradient across the junction is small,
TH − TC << TH + TC, and the junction is ideally trans-
parent for phonons, ζ (ω) = 1, Λph is quantized [11] as
Λph ≈ M
(
pi2k2BT/3h
)
where M is the number of acous-
tic modes. For L = 1 µm and W = 20 nm one roughly
gets Λph = (50− 6000) W/(m·K).
Electron transport through the metallic multilayer is
determined by the corresponding electrons (Tel) and
phonons (ζ) transmission probabilities. We compute Tel
and ζ in terms of the S-matrix method. [6] The electron
S-matrix of the whole ABA. . .B multilayer is composed
of elementary blocks ABA. Here we assume that there
are no interface A/B-barriers separating the A and B
layers. The electron (hole) transmission (tABA) and re-
flection (rABA) coefficients which are the SABA matrix
elements are obtained from the A/B-interface boundary
conditions as (see, e.g., Ref. [4])
t (kA, kB) = 2ikAkB/DkA,kB
r (kA, kB) = (k
2
A − k2B) sin(kBL)/DkA,kB (8)
where the denominator is DkA,kB =(
k2B + k
2
A
)
sin (LkB) + 2ikAkB cos (LkB), kA and
kB are the electron wavevectors in A and B. Since the
main contribution to S and G comes from the electron
states near the Fermi level, one may use the linear dis-
persion law E − EF ≃ ~vF (k − kF ). Since the electron
energy is conserved during the interlayer transmission,
EA = EB it gives ~vAF
(
kA − kF
)
= ~vBF
(
kB − kF
)
or
vAF k
A ≃ vBF kB. This allows rewring of Eq. (8) simply as
ta = 2iα/Dα
rα = (α
2 − 1) sin(α)/Dα (9)
where now Dα =
(
1 + α2
)
sinα + 2iα cosα and α =
vAF /v
B
F . The corresponding phonon transmission and re-
flection coefficients are derived in a similar way.
A very interesting consequence of the above formula
takes place when α ≃ 1 for electrons while simultane-
ously α >> 1 for phonons. Such situation takes place,
e.g., when one of the metals in the elementary bilayer
is lead (i.e., A=Pb) while another metal is aluminium
(B=Al). The Fermi velocities for the lead and alu-
minium are very close (vPbF = 1.83× 106 m/s and vAlF =
2.3× 106 m/s respectively) while the sound velocities in
the two metals are quite different (i.e., sPb = 1158 m/s
and sAl = 6420 m/s). This gives a big difference be-
tween the two ratios αel = v
Al
F /v
Pb
F = 0.8 on one hand
while αph = sAl/sPb = 5.5 on the other hand. The whole
ABA. . .AB multilayer is then composed as a sequence of
bilayers with randomly changing thickness. As is evi-
dent from Fig. 2 c, the electron transmission probability
through the whole metallic multilayer shown in Figs. 2c
(main text), 2 a,b is nearly ideal, Tel ≃ 1 while the
phonon transport is practically blocked since Tph << 1.
Since the lattice constants of the two metals A and B
differ, there is a lattice strain immediately at the layer’s
A/B-interfaces. However, the strained region involves
just a few atomic layers at the Pb/Al or Pb/Sn inter-
faces. Therefore the strain affects just on a tiny fraction
of the whole multilayer’s volume. Contribution of that
strained region into the electron and phonon transport
across the metallic multilayer is negligible if the length
of the strained region in lateral direction is much shorter
than the metallic layer thickness or/and the electron and
phonon mean free paths. Similar metallic multilayers had
been widely used in the superconducting junction tech-
nology and it is well known the interface strains do not
impact the lateral electron transport. That happens be-
cause it acts just like a scatterer which size is less than
1 nm, i.e., it is much narrower than the phonon’s wave
length of interest which exceeds 10 nm for T > 300 K.
The strained region is too narrow to change the electron
band structure on the local scale < 1 nm. The local short
scale lattice deformation < 1 nm is also unable to gen-
erate an electrostatic potential barrier for the electrons
propagating in the lateral direction.
The difference in transmission probabilities of the elec-
trons and phonons through the metallic multilayer can be
exploited to filter the heat transport components: The
electrons and holes propagate through the metallic mul-
tilayer almost free while the phonon transport is consid-
erably reduced.
The above simple analytical model is supported here
by more rigorous numeric calculations. The filter pads
are introduced to separate the G-section both from the
external electrodes and from the substrate thermally,
but not electrically. We consider two different types
5vA vB
sA sB
A Ba.
c.
b.
FIG. 2: Color online. (a) The metallic bi-layer with vAF /v
B
F ≃
1 and sA/sB >> 1. (b) The metallic multilayer with random-
ized layer thickness. (c) The two-scale plot for a single elemen-
tary ABA crank with the layer thickness LA = LB = 50 nm
and α = vAF /v
B
F = 0.9 (for electrons, black curve) on one hand
and for α = 5 (for phonons, red curve) on the other hand.
One may notice that phonons attenuate very strong while the
electrons propagate almost free. The electrons correspond to
kLA,B << 1 while phonons to qLA,B ≃ 10. For such rea-
son the effective electron transmission probability is practi-
cally ideal, i.e., Tel ≃ 1 while the averaged phonon transmis-
sion probability 〈ζ〉q ≃ 0.3. Further suppression of the ther-
mal phonon flow is accomplished by forming the sequence of
N bilayers with a close but non-equivalent thickness around
L = 50 nm (for T = 10 K). The phonon transmission through
such a randomized Pb/Al-multilayer is not phase-coherent,
thus the total phonon transmission probablity is composed of
corresponding probabilities for individual elementary bilayer
blocks, i.e., ζtot ≃ ζ/N which already for, e.g., N = 6 gives
ζtot ≃ 0.3/6 = 0.05 while T
tot
el ≃ (Tel)
5 ≃ 1, i.e., it remains
nearly ideal. The last exaple illustrates the principle of the
heat flow filtering: The electron and hole carry the heat free
while the phonon thermal conductance almost vanishes across
the Pb/Al multilayer.
of the heat/electric current valve pads. One design in-
volves metallic multi-layers Pb/Al with the layer thick-
ness ∼ 10 − 100 nm. Another method is to depositing
of pads made of SrHfO3 and/or SrRuO3. The layered
materials have an appreciable electric conductance while
their thermal conductance along the c-axis is remarkably
low. [8, 9] Planting of the H/RR pad between the metal-
lic electrodes and graphene stripe would reduce the ef-
fective Λph significantly, because the phonons which pro-
vide Λph between the hot and cold ends are eliminated
from the thermoelectric path. Then the net heat con-
ductance which involves the path HOT ⇒ RR ⇒ G ⇒
Ce,h ⇒ COLD will be considerably diminished. Thus
placing of the H/RR pad with a sufficient number of
nanolayers allows to decimating of the phonon part Λph
the whole thermal conductance Λ. The optimal G-TEG
geometry is also determined by the electric and thermal
transfer lengths which are estimated [6,11] correspond-
ingly as Lel ≃ 10− 100 nm and Lth ≃ 100− 250 nm.
A-III. Numeric simulations.
The phonon part of the thermal transport through the
TEG had been examined as follows. We describe the non-
equilibrium heat flow through the G-stripe in presence
of multiple scattering on lattice defects, boundaries, and
electrons. A finite temperature difference δT between the
opposite ends of each G-stripe induces the thermal flow
given as a sum of contributions of the individual phononic
subbands. The phonon density of states Fβ(ω) related to
the phonon subband β is mismatched in adjacent layers
of the H electrode sketched in Fig. 2c (main text). In-
side the G-stripe, the phonon distribution function N(ω)
is non-equilibrium which means that N(ω) deviates from
the Bose-Einstein distribution in the hot (H) and cold
(C) ends. For a ”clean” graphene stripe, the phonon
mean free path exceeds the G-stripe length L. There-
fore the non-equilibrium effect does not influence the fi-
nal results. The equilibrium phonon distribution at the
G-stripe ends is established due to a free phonon diffusion
into the bulk of attached metallic contacts and dielectric
substrate. The thermal conductance ΛphG of the G-stripe
had been computed by using the phonon density of states
Fβ(ω) preliminary obtained for each phonon subband β.
The thermoelectric characteristics are found by solv-
ing the Dirac equation for chiral fermions in graphene
(see above). The analytical model is verified by numeric
calculations based on the density functional theory. [2]
The electron and phonon excitation spectra are obtained
considering influence of the inelastic electron-phonon and
elastic electron-impurity scatterings. They are taken into
account along with processes of the electron tunneling
through the interface barriers. The electron-impurity
and electron-phonon scatterings are included within the
Keldysh-Green function technique [25] which allows de-
riving of the quantum kinetic equations.
A-IV. Transparency of the H/RR interface.
The thermal injection efficiency is directly related to
transparency of the H/RR interface. The interface bar-
6riers which contribute into ΛH/RR originate from the dif-
ference of the workfunctions in the metallic H electrode
and the graphene G-stripe right beneath of it [11,15].
The heat-conducting Ch, H, and Ce electrodes are de-
posited at the top of the G-stripe, as schematically shown
in Fig. 2 (main text). Another factor is change in the
number of conducting channels when electrons and holes
tunnel from the 3D metallic H electrode into the 2D
graphene G-stripe. [21] Conversion of the regular elec-
trons and holes into the HCF excitations also contributes
to ΛH/RR. Thus, for the G-TEG, ΛH/RR depends on the
3D/2D conversion efficiency η and on the spatial distri-
bution of charge carriers near the H/RR interface. The
contact thermal conductance problem and its solution are
illustrated in Fig. 4 (main text). In Fig. 4a (main text)
we plot the transmission probability T (ε) as a function
of the electron energy ε for the conventional electrons
penetrating a non-chiral potential barrier (curve 1), and
the quantum well (curve 2). Curve 3 shows T (ε) for the
non-chiral heavy fermions transmitting via a potential
well. One can see that T (ε) is strongly suppressed in
the latter case. For such a reason, the contact conduc-
tance for conventional ”heavy“ fermions is low. Quite a
different behavior T (ε) takes place if instead of the con-
ventional ”heavy“ electrons there are the ”heavy“ chiral
(HCF) particles as is evident from Fig. 4b (main text).
In Fig. 4b (main text) we compare T (ε) for the con-
ventional chiral fermions penetrating the chiral barrier
(curves 1 and 3) with the same characteristics for HCF
particles (curves 2 and 4). One can see that T (ε) is fairly
good for both types of the chiral particles if the incidence
angle is small, i.e., ϕ = pi/8 (curves 1 and 2). For big-
ger incidence angles, i.e., ϕ = 3pi/8 (curves 3 and 4), for
the HCF particles T (ε) becomes suppressed (curve 4).
The electron thermal conductance Λe of G-TEG is de-
termined by 2ΛH/RR. The dominant contribution into
ΛH/RR comes at the low angles ϕ, therefore using of the
HCF particles helps to maintaining of Λe at a decent
level.
A-V. Graphene TEG parameters
When evaluating the figure of merit and the electric
power density of the graphene TEG we admit the fol-
lowing parameters. The in-plane thermal conductiv-
ity of graphene [14, 15] is about Λ‖ ∼ 1000 W/(m·K)
and is determined by acoustic phonons. This is con-
sistent with Refs. [5,6], where for graphene layer thick-
ness h = 0.4 − 4 nm (which corresponds to 1 < n <
10 layers), the in-plane thermal conductance is Λ‖ =
1000 MW/(m2·K). Anisotropy of the thermal conduc-
tivity (in plane)/(out plane) is about ∼1000 for the
graphene/metal contact area which gives the cross-plane
thermal conductance Λ⊥ ≃ 1 MW/(m2·K). At T = 300 K
for Au/Ti/n-lG/SiO2 multilayer one gets [5,6] the ther-
mal conductance as Λ⊥ = 20 − 30 MW/(m2·K) while
for Au/Ti/SiO2 multilayer one obtains instead Λ⊥ =
100 MW/(m2·K). At the same time, the thermal con-
ductance for the 1-lG/SiO2 interface (1-lG stands for
the one-layer graphene) is Λ⊥ = 85 MW/(m
2·K). The
electron heat conductance Λel has typically 3-4 orders of
magnitude lower values than the phonon Λph which gives
Λel << Λph. Therefore heat transfers along the graphene
plane and across the metal/graphene interface are carried
predominantly by phonons.
The in-plane sound velocity of graphene is s =
1.5 × 104 m/s. The Gaussian broadening G(x, t2) =
exp(−x2/t22)/(t2
√
pi) to model the random disorder po-
tential in the channel is used with t2 = ~vF
√
2pin0 =
117 meV, corresponding to an experimental n0 (mini-
mum sheet carrier concentration) of n0 = 5× 1011 cm−2.
There is a controversy in the literature concerning the
electron-electron collision time τee. Some authors regard
τee at room temperatures as short as τee = 10
−15 s which
gives the mean free path lee between the electron-electron
scattering as lee = vFτee = 10
−15 × 108 cm = 1 nm.
According to the experiment reported in Ref. [16], an
actual mean electron free path in nanotubes at T = 5 K
is at least three orders of magnitude longer and might
far exceed 1 µm which gives the lower bond for τee =
lee/vF = 10
−12 s.
Broadening of the electron levels due to coupling of
electron states in adjacent regions we model here follow-
ing Refs. [3, 5, 17, 18]. According to [3, 5, 17, 18], we
use the broadening caused by the G/Pd-interface ram-
domness as ΓH/RR = 5 meV, whereas ΓH/RR = 60 meV
for an ideal G/Pd interface, ΓRR/Ce,h = 100 meV, and
Γε = 1.5 meV. The temperatures are obtained self-
consistently using the aforementioned values of the ther-
mal conductance. Then we get TH = 30 meV and
TRR = TG = 5 meV. In addition to the inhomogeneous
broadening, graphene states under the metal have a ho-
mogeneous (lifetime) broadening η due to coupling to the
metal. Following to Ref. [3], we model the total broad-
ening by a Voigt function Voigt(x, t1, η), which is a con-
volution of a Gaussian of width t1 and a Lorentzian of
width η (which is typically η ≃ 5× 10−3 eV), and a cut-
off energy E0 of 1 eV, which is the typical bandwidth
of d-bands in transition metals. The random potential
disorder is expected to be much larger under the poly-
crystalline metal than in the channel. For a variation of
the metal–graphene distance of 2 A˚ (from 3 A˚ to 5 A˚), a
0.9 eV change in potential has been calculated.
We also set the level position as ∆ = 10 − 100 meV
which corresponds to the same value of the split gate
voltage. The HCF peak width γ is evaluated from know
experimental data [16] concerning the electron mean free
path which in ”clean” anealed graphene could be as
much as lε ∼ 5 µm which gives γ = ~/τε = ~vF/lε ≤
0.025 meV. That corresponds to γ/∆ = 2.5 × 10−4 and
m∗/m ∼ 102.
7The quantum of thermal conductance at T = 300 K is
κ0 = pi
2k2BT/3h = 1.5 × 10−10W/K while at T = 10 K
it is κ0 = 5× 10−12 W/K. The electric power generated
by a single G-TEG is evaluated as Qeh ≃ κgGqV 2SG =
7.75×10−4 W ≃ 1 mW where we used VSG = 0.1 V, Gq =
2e2/h = 7.75×10−5 Ω−1 is the quantum conductance and
we have introduced a large dimensionless factor
κg =
√
m∗
me
(
δTH/RR
δTRR/C
)2
≃ 103 (10)
where we used the ratio of HCF and free electron mass
as m∗/me = 100 while the ratio of the temperature dif-
ferences is obtained as δTH/RR/δTRR/C = 10. The length
LG of a single G-TEG element is LG ≃ 2.5 µm. The G-
stripe width isWG = 10 nm. The period of G-stripe array
in the y-direction is set as Wp = 40 nm. Then the TEG
device by size 1 cm×1 cm contains NG = 109 G-TEG
elements which theoretically might generate the electric
power 109× 1 mW = 1 MW.
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Heat to Electricity Conversion by a Graphene Stripe with Heavy Chiral Fermions
S. E. Shafranjuk
Department of Physics and Astronomy, Northwestern University, Evanston, IL 60208
(Dated: November 8, 2017)
A conversion of thermal energy into electricity is considered in the electrically polarized graphene
stripes with zigzag edges where the heavy chiral fermion (HCF) states are formed. The stripes
are characterized by a high electric conductance Ge and by a significant Seebeck coefficient S .
The electric current in the stripes is induced due to a non-equilibrium thermal injection of “hot”
electrons. This thermoelectric generation process might be utilized for building of thermoelectric
generators with an exceptionally high figure of merit ZδT ≃ 100 >> 1 and with an appreciable
electric power densities ∼ 1 MW/cm2.
PACS numbers: 84.60.Rb, 73.40.Gk, 73.63.Kv, 44.20.+b
The heat energy can be immediately converted into
electricity by thermoelectric generators (TEG). [1–4]
However, available solid state TEGs typically have a low
figure of merit ZδT << 1. In this paper we suggest an
approach which allows improving the TEG characteris-
tics considerably. The key element of the our thermo-
electric generator (TEG) is the graphene stripe G with
atomic zigzag edges [7] polarized by the transverse elec-
tric field E (see Fig. 2). The graphene TEG utilizes the
gate voltage-controlled heavy chiral fermion (HCF) states
formed inside G (see Section II) and it also benefits from
specially introduced electric/heat current filtering. For
the sake of convenience we use the figure of merit defined
as a ratio ZδT = Qel/Qth where Qel is the generated
electric power, Qth is the heat flow energy carried by
the lattice oscillations, phonons; δT is the temperature
difference between the “hot” and “cold” ends. [3–6] The
design strategy outlined in Section III is illustrated by
an expression for the figure of merit ZδT = GeS2δT/Λ
for a symmetric TEG. [1, 2] Here S is the Seebeck co-
efficient, Ge is the electric conductance, Λ = Λe + Λph
is the thermal conductance due to the electrons (e) and
phonons (ph), δT is the temperature difference between
the “hot” and “cold” sides.
In typical TEG devices, [6] Λph/Λe ∼ 103−104, provid-
ing that Λ ≃ Λph >> Λe. Since normally Λ >> GeS2δT ,
one gets ZδT<<1. Initial thermoelectric measurements
of carbon nanotubes (CNT) also have not revealed their
potential as efficient TEGs. The reasons why CNT do
not show any spectacular ZT are as follows. (a) The
heat conductance Λph due to phonon transport is too
high in CNT and graphene. (b) The electronic transport
properties were not appropriately optimized to achieve a
plausible ZδT . In the TEG reported in Sections II,III,
instead of regular electrons and holes, we exploit heavy
chiral fermions (HCF) to boost the electric conductance
Ge ∝
√
m∗/me and Seebeck coefficient S. The HCF
states produce incredibly sharp spectral singularities in
the electron density of states (DOS). In contrast to a pris-
tine graphene, the effective electron mass m∗ in vicinity
of HCF peaks in G-TEG exceeds the free electron mass
me by a huge factor m
∗/me ∼ 102 − 104 >> 1 which
allows increasing the Qel considerably. In Section IV, A-
I, A-II we also utilize special multilayered metallic elec-
trodes with an aim of decimating Λph. It allows reduc-
ing the phonon part Qth of heat energy flow by factor
∼ 10−2−10−3. The combined approach discussed in Sec-
tions V,VI yields ZδT = Qel/Qth≥1, or even ZδT >> 1,
which manifests a significant improvement over existing
TEG devices.
Our approach exploits a non-equilibrium thermal injec-
tion of electrons and holes from a “hot” metallic electrode
into HCF energy levels formed inside the narrow (10 nm
- 100 nm) graphene stripe. Sharp distinctive HCF levels
at energies Ep = ±∆ result from reflections at the atomic
zigzag edges [7] of the graphene stripe G. The G-stripe is
polarized in the transverse yˆ-direction by a finite electric
field E 6= 0 which controls the value ∆. The origin of the
HCF resonances is illustrated in terms of a mere mean
field approach [4, 22]. The method [4, 22] describes the
electronic excitation spectrum Ep of the graphene stripe
in terms of the Dirac equation for bipartite sublattices.
One adds a symmetry breaking term ∝ ∆ into the Hamil-
tonian
H = −i~v ((σˆx ⊗ 1ˆ) ∂x + (σˆy ⊗ τˆz) ∂y)
+U (x)
(
1ˆ⊗ 1ˆ)+∆(σˆz ⊗ τˆz) (1)
where v = 8.1 × 105m/s≃ c/300 is the massless fermion
speed, σˆi and τˆk are the Pauli matrices, ⊗ is the Kro-
necker product, {i, k} = 1 . . . 3, and ∆ = e|E|W/2 =
eVSG/2 = e(VGA − VGB)/2, VSG is the split gate voltage,
W is the stripe width. The pseudospin polarization [16]
means that the electric charge is depleted on one zigzag
edge while is accumulated on the other. Then an electric
dipole is formed as soon as VSG = 2∆/e 6= 0. At VSG = 0
there are two flat bands giving rise to a large DOS right
at the Fermi energy and being associated to zigzag edge
states[7]. When VSG 6= 0, the resulting pseudo-spin po-
larization driven by the ∆ term in Eq. (1) yields an
excitation spectrum ε± = ±v
√
k2 + q2 + (∆/v)
2 ± U
characterized by the energy gap 2∆. For zigzag atomic
2(b)
VHS
(a) HCF
FIG. 1: Color online. (a) The HCF singularity in the electron
DOS N(ε) at energy ε = ∆ (solid green curve) as compared
to the VHS singularities at ε = ∆
(n)
VHS (dash red curve) for
γ = 0.05∆. Blue dot-dash curve shows the fitting function
1/(ε−∆)1.3. (b) The comparison plot showing an increase of
thermoelectric current GV , the Seebeck voltage SδT , and the
electron heat current ΛeδT when the source drain voltages
VSD matches either HCF (correspondly shown by cyan, red,
and black curves) or VHS (shown by magenta, green, and blue
curves) singularities.
edges, the electron wavefunction Ψ satisfies the bound-
ary conditions ΨA (0) = ΨA′ (0) = 0 at y = 0 and
ΨB (W ) = ΨB′ (0) = 0 at y = W . It gives [7] the
transversal quantization condition (QC) in the form
k = qp/ tan (qpW ) (2)
where
qp = ±
√
(Ep ∓ U)2 /v2 − k2 − (∆/v)2. (3)
The QC actually determines the localized energy levels
when is being solved in respect to the excitation energy
Ep. Thus, for a finite ∆ 6= 0, the graphene zigzag stripes
G are band insulators with the pseudospin polarization.
The steady state energy spectrum of the G-stripe features
two flat bottom bands Ep = ±∆ which represent the
highest occupied and lowest un-occupied bands. The flat
bands correspond to a very high effective electron mass
m∗ = (102 − 105)me >> me.
The sign of U(x) determines whether the HCF charge
carriers inside of each FETL,R are electrons or holes. In
Figs. 1b, the VG (x) profile is step-wise, so VG (x) =
−U0/αG for x < −L0/2 (inside FETL) and VG (x) =
U0/αG for x > L0/2 (inside FETR). Here U0 is the
shift of the electron electrochemical potential and αG
is the back gate efficiency. The G-stripe RR section
located immediately under the central hot H-electrode
(−L0/2 < x < L0/2) remains neutral, since VG (x) = 0.
This part of the G-stripe serves as an electron-hole re-
combination region (RR).
A G-stripe with zigzag edges produces much stronger
singularities (we call them HCF peaks) than the Van
Hove singularities (VHS peaks) do. The VHS peaks in
DOS have the form ∼ 1/√ε− n∆VHS where n is an inte-
ger number. The VHS level spacing is ∆VHS ≃ hvF/piW
where W is the G-stripe width. The HCF peaks are con-
siderably sharper (in vicinity of the gap edge they are
∼ 1/(ε−∆)α where α = 1.3) than the Van Hove peaks
which are ∼ 1/√ε− n∆VHS and are relatively weak. The
weak VHS singularity in DOS causes only very minor
anomalies in the electric conductance and Seebeck coeffi-
cient as illustrated by Fig. 1a. However, when the source
drain bias voltage VSD matches ∆/e, a much stronger
HCF-singularity gives very sizable increase of the elec-
tric transport coefficients G, S and Λe along the G-stripe.
That condition ensures a considerable thermoelectric ef-
fect taking place when VSD = ∆/e. The DOS divergen-
cies are smoothed by setting ε → ε + iγ. However, if
the source drain voltage VSD matches the weaker VHS,
the change of DOS is rather modest. One see that from
Fig. 1a where the comparison between the HCF peaks
(solid green curve) and VHS peaks (dash red curve) in
DOS is presented. The HCF peak at ε = ∆ is much
sharper than the other peaks (which actually are the
VHS singularities) on the same green curve at higher
energies ε > ∆ and ε >> ∆. The 1st HCF peak at
ε = ∆ is also sharper than the regular VHS peaks in
red dash curve. In addition to the two curves with the
HCF (solid green) and VHS (dash red) singularities we
also plot a fitting curve ∝ 1/(ε − ∆)1.3 (see blue dash-
dot curve). Further comparison between contribution the
two different kinds of singularities, HCF and VHS, is
presented in Fig. 2b. One might notice a considerable
increase of thermoelectric current Ith = GV (cyan), the
Seebeck voltage Vth = SδT (red), and the electron heat
current Qth = ΛeδT (black curve) when the source drain
voltage heats the HCF singularity (VSD = ∆/e). The
HCF-induced icrease of GV , SδT , and ΛeδT is much
stronger than a modest VHS-induced rise of the same
characteristics (shown respectively with magenta, green,
and blue curves) taking place at the source drain voltages
VSD = n∆VHS/e.
By applying the split gate voltage VSG 6= 0 one might
achieve the HCF level spacing as much as ∆ = αSGVSG =
10− 100 meV where αSG is the split gate efficiency fac-
tor. The electron level broadening γ = (0.01− 0.001)∆
corresponds to γ = 0.2− 1 meV or γ = 2 − 10 K. When
using γ = 0.2 meV, it corresponds to the electron mean
free path lε = ~vF /γ = 3.3 µm which is consistent with
experiments with anealed graphene samples. [34] In prin-
ciple, in “clean” graphene samples one can get even the
electron mean free path lε = ~vF /γ = 15 µm which cor-
responds to γ = 0.04 meV. Then for ∆ = 100 meV one
obtains γ/∆ = 0.0004. The effective electron mass m∗ is
evaluated in the tight binding model as m∗ ≃ ~2/(γa2)
where a is the graphene lattice constant. This gives
m∗/me = 3 × 105 which corresponds to the DOS en-
hancement factor
√
m∗/me = 2× 102.
The VHS spacing in carbon nanotubes by diameter
∼2.5 nm is 0.4 eV which corresponds to temperatures
∼4600 K. That spacing much exceed the temperature
broadening which for temperatures of interest T ∼ 300−
600 K typically is always much narrower than 4600 K.
3Therefore prevailing contribution at temperatures T <
600 K comes from one subband only. It might be different
for wide graphene stripes with width W > 100 nm where
the VHS spacing would be about ∼ 300 K. However the
contribution of HCF state into ZT is always orders of
magnitude stronger than the impact of VHSs from higher
energy bands.
Let us consider the TEG cell sketched in Fig. 2a (we
call it G-TEG) and its diagrams shown in Fig. 2b. The
G-TEG cell consists of two field effect transistors, [8–12]
left (FETL) and right (FETR), both being fabricated on
the same section of the graphene stripe G. The two tran-
sistors, FETL and FETR, are connected electrically in a
sequence, but thermally in parallel (see Fig. 2e). [4] The
edges of each G-stripe have an atomic zigzag shape. [7]
The opposite edges of the same stripe are terminated by
carbon atoms belonging to two distinct sublattices A and
B. [16] The split-gate voltage VSG = VGA−VGB polarizes
the G-stripe in the transverse y-direction. The left (GL)
and right (GR) back-gate electrodes are controlling the
concentration and type of the charge carriers inside the
left (x < −L0/2) and right (x > L0/2) G-TEG sections,
which are forming FETL and FETR, correspondingly.
The local gate voltage VG (x) induces an x-dependent
change U(x) of the electrochemical potential along the
G-stripe as shown at the bottom of Fig. 2b.
The whole TEG circuit represents a 2D array formed
by three interdigitated combs G, GA, and GB as shown
in Fig. 2d. The comb G consists of parallel graphene
stripes alternating with metallic split-gate stripes GA(B)
which form the other two combs. The GA and GB combs
serve as split-gates to creating of the transverse electric
field E 6= 0 across G. Additionally, there are three other
metallic combs, Ce, Ch and H, which are oriented in per-
pendicular to the former G and GA,B combs. The two
combs, Ce and Ch, act as heat sinks, while the H comb
represents a heat source. Besides, there are two more
back gate combs, GL and GR, which are placed under-
neath of the dielectric substrate and which are also ori-
ented in-perpendicular to the GA,B and G combs.
A temperature gradient through the H/RR-interface
excites a heat flow carried by uncorrelated electrons and
holes moving in the same direction. When the elec-
tron and hole concentrations are equal (as it happens
in the graphene RR region) there is no electric current
Ith = 0 and no Seebeck bias voltage Vth is generated
across the H/RR-interface. However there is a visible
energy transfer from the “hot” to the ”cold” sides. The
non-equilibrium electron and hole excitations in the RR-
region result from the thermal injection of the electrons
and holes and is caused by the temperature gradient
across the H/RR-interface. The thermally injected elec-
trons and holes cross the interface in the same direction
and in equal number. The electron and holes are non-
correlated and do not form excitons, but the net electric
charge which they transfer through the interface is equal
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FIG. 2: Color online. (a) The G-TEG cell which consists of
a graphene G stripe with zigzag edges deposited on a dielec-
tric substrate. One edge of G is terminated by atoms of A
sublattice while the opposite edge by the B sublattice atoms.
The G-stripe is polarized in yˆ-direction by the transverse elec-
tric field |E| = VSG/W = (VGA − VGB)/W (W is the spacing
between GA and GB) which is created by the split gate elec-
trodes GA and GB. Two back gate electrodes GL and GR hav-
ing opposite polarity induce a step-wise change of the electro-
chemical potential U(x) versus coordinate x. (b) The energy
diagram (top panel), the heat and electric current diagram
(central panel), and the U(x) profile along the xˆ-direction
inside G (bottom panel). (c) The multi-layered H electrode
where the phonon density of states Fq(ω) in adjacent layers
is mismatched. (d) The TEG device consists of the inter-
digitated split-gate combs GA(B) on one hand and graphene
comb G on the other hand. The H comb serves as the heat
source while the Ge and Gh combs represent the heat sinks.
The back gate electrode combs GL and GR provide the dy-
namic, coordinate-dependent n- and p-doping of G. (e) The
heat (Q) and electric (J) currents in the G-TEG involving the
field effect transistors (FETL,R).
to zero. In this way, the H/RR-interface lets no electric
current through although the thermal injection of elec-
trons and holes generates a sizable electric current in the
G-stripe. Then the H/RR-interface behaves as having no
electric conductance. However if instead of the tempera-
ture gradient a finite bias voltage is applied, then a finite
electric conductance emerges indeed. Because the HCF-
singularity is very sharp, and because there is an energy
gap, the energy recombination time is very long which
causes the electron excitations to be accumulated at the
upper HCF level at ε = ∆ while the hole excitations ac-
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FIG. 3: Color online. (a) The electron energy subbands
in the graphene stripe G with zigzag edges. The trans-
verse split gate voltage VSG induces an energy gap 2∆ =
eVSG = e(VGA − VGB) which splits the narrow zero-energy
level. (b) Density of electron states Nε for three inelastic
scattering rates γ1,2,3 = 0.01, 0.002 and 0.0004 in units of ∆.
The two sharp peaks constitute the Heavy Chiral Fermion
(HCF) excitations arising at energies ±∆. The correspond-
ing peak height N(ε = ±∆) depends on γ. It exceeds the
Van Hove singularity (VHS) peaks NVHS by the big factors
N(ε = ±∆)/NVHS =
√
m∗/me = 10, and 100. (c) The
phonon transmission coefficient ζ for multilayered metallic
electrode H (shown in Fig. 2c) versus the number of layers
N . (d) The transmission coefficient T
RR/G
zz (ε) between the
RR and uncovered G sections for different electron subbands.
cumulate at ε = −∆. The electron and hole distribution
functions are strongly non-equilibrium.
Both the electrons and holes are supplied into the elec-
trically neutral RR by the thermal injection from H.
Then the electric current J in FETR actually emerges
due to the HCF holes propagating from the RR region
toward the Ch electrode. Simultaneously, the electric
current J in FETL also consists of HCF electrons prop-
agating in the opposite direction from RR toward Ce.
In this way, both the HCF electrons and holes trans-
fer the heat from the hot (H) to the cold (Ce,h) elec-
trodes. Then the combined thermal flow Qth of electrons
and holes generates an electric current accompanied by
a finite Seebeck voltage drop VSD =
∑
n V
n
SD. All the
G-stripes are connected in parallel, thus the net electric
current through the whole TEG is I =
∑
k Ik where Ik
is the current through the k-th G-stripe. The Seebeck
voltage drop on the two FETL,R is V
n
SD = 2SnδTn. Be-
cause the heat flow is transferred by heavy charged HCF
particles (m∗/me >> 1) it ensures a considerable value
2
1
2 3
41 3
H
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(c)
(d)
C
RR/C
H/RR e
FIG. 4: Color online. (a) The transmission coefficient T (ε)
for conventional electrons and conventinal heavy fermions
through the well and potential barrier. (b) T (ε) for chiral
fermions: curves 1, 2 correspond to regular chiral fermions
while curves 3, 4 to the HCF excitations. Curves 1, 3 are for
the incident angle ϕ = pi/8 while curves 2, 4 are for ϕ = 3pi/8.
(c) The electron distribution functions in the cold electrode
(C), recombination region (RR), and in the hot electrode (H).
Inset shows the driving factor Υ
(e)
H/RR(ε) for the tunneling
current through the H/RR-contact. (d) The driving factor
Υ
(e)
RR/C(ε) for electrons and holes propagating along the G-
stripe.
of Seebeck coefficient Sn (see below). In turn it yields
a high thermoelectric voltage V nSD = 2SnδTn generated
by the heat flow when a finite temperature difference
δTn is maintained between the H and Ce(h) electrodes
of the n-th G-TEG. Then the G-TEG generates the elec-
tric power QG−TEGel =
∑
k,n IkV
n
SD which is considerably
higher than in conventional TEG devices. (See more de-
tails in [26], A-I).
Another increase of ZδT is accomplished when the
phonon part of the heat conductance Λph is strongly re-
duced. A visible decimation of Λph by a few orders of
magnitude is achieved, e.g., if the hot H-electrodes are
metallic multilayers fabricated as sketched in Figs. 2c
and Figs. 1-A a,b. The multilayered structure shown
in Fig. 2c and Figs. 1-A a,b serves for decimating of the
phonon transport through the TEG by the factor ζ which
we plot in Fig. 3c versus the number of layers N . The
transmission probability of a phonon through a single
elemenetary ABA crank is presented in Fig. 1-A c (see
[26]). From Fig. 1-A c one might notice that the electron
transmission probability Tel through the metallic multi-
layer remains almost ideal Tel ≃ 1 while the phonons
strongly attenuate since ζ << 1. Because the multilay-
ered metal contacts H and Ce,h are reducing the phonon
component of the heat flow, the figure of merit ZδT can
be increased additionally by orders of magnitude (see
[26], A-II).
The high thermal conductance Λph due to propagating
the phonons in graphene represents another obstacle to
5achieving a noticable TEG efficiency. One can strongly
reduce Λph, e.g., by connecting the graphene stripe in a
sequence with a material which Λph is very low whereas
the electron part, Λe, is high. Here we suggest to deci-
mate the phonon part of heat conductance by connecting
the graphene stripe in a sequence with a multilayered
valve pad. A multilayer with random layer thickness
had been considered by authors of Ref. [27] who stud-
ied a set of semiconducting layers with random thickness
where energy gaps in the phonon spectrum are formed.
However there are several basic complications when us-
ing the method [27]. (i) The authors of Ref. [27] con-
sidered the multilayer as a set of semiconducting layers
with random thickness where energy gaps in the phonon
spectrum are formed. Since the phonon gaps in distinct
layers are positioned at different phonon energies, the re-
sulting phonon heat conductance is strongly suppressed.
Although it is supposed to improve ZT , the idea [27] ac-
tually fails to work properly. The controversy originates
from two inherent contradictions. Namely, if the semi-
conducting layers are strongly coupled, the electric con-
ductance and Seebeck coefficient are big. However, on
the other hand, a strong interlayer coupling eliminates
the phonon gaps since series of strongly coupled layers
behave like a bulk material where the phonon gaps van-
ish. It causes the phonon heat conductance Λph not to
be small. In the opposite limit, when layers are weakly
coupled, the phonon gaps are indeed formed, causing the
phonon heat conductance being suppressed. But unfor-
tunately the electric conductance and Seebeck coefficient
are diminished with it also, because they are propor-
tional to the interlayer coupling strength. In either case,
weak or strong interlayer coupling, the figure of merit
cannot be improved considerably by using the method of
Ref. [27]. Our approach is based on a different idea which
is more suitable for the TEG optimization. First, we con-
sider metallic multilayer with ideally transparent inter-
faces. The metals have a much higher electron density of
states (DOS) than the semiconductors do. Besides, the
metal/metal interfaces are very transparent for electrons.
Therefore the lateral electric conductance and Seebeck
coefficient through the multilayer is much higher than of
the semiconducting multilayer with decoupled layers as
in Ref. [27]. Another critical distinction is that we use
two metals A and B with similar Fermi velocities vAF ≃ vBF
but with very different sound velocities sA << sB (e.g.,
Pb/Al or Pb/Sn). It yields a strong reduction of the
phonon thermal conductance Λph without sacrificing the
electron transport coefficients and thus it ensures a con-
siderable improving the TEG figure of merit. Another
benefit of using the metallic multilayer instead, e.g., the
semiconducting multilayer [27] is that the much higher
electron density of states in metals much better matches
the high density of states in the HCF peaks. Because
the electron part of the heat flow Qel is considerably in-
creased while the phonon part of the of the thermal flow
Qth is decimated, one might increase ZT by orders of
magnitude.
One computes the net electric power generated by the
whole TEG with equivalent G-stripes and equivalent G-
TEGs as Qelectr = NG × IVSD = NG ×Ge(2SδT )2 where
NG is the total number of G-TEG elements in the TEG
array and we have omitted index n. The corresponding
thermal power is Qheat = NG × ΛδT . Both the quan-
tities, Qelectr and Qheat, are expressed in terms of See-
beck coefficient S, temperature differences δT , electric
Ge, and thermal Λ conductivities of the individual G-
TEG sections. The TEG conversion efficiency is then
estimated as {ZδT }TEG = Qelectr/Qheat = 4S2GeδT/Λ.
The electron part, Λe, of the thermal conductance Λ is
obtained as 1/Λe = 2/Λ
e
c + 1/Λ
e,cont
G and is typically
103 − 104 times smaller than the phonon part, which
is 1/Λph = 2/Λ
ph
c + 1/Λ
ph
G + 1/ΛSiO2 . [6] Here Λ’s in-
dices e, ph, c, G, and SiO2 relate it to the electrons,
phonons, contacts, G-stripe, and dielectric SiO2 substrate
respectively. There are only two conducting HCF chan-
nels per each G-stripe. For one conducting channel in
a regular graphene stripe by width W = 10 nm, one
gets Seebeck coefficient at most S ∼ 10−4V/K. For a
graphene stripe with zigzag edges by the same width
W ≃10 nm and the split gate voltage VSG = 0.1 V,
where the HCF resonances are invented, one improves
it to S ∼ 10−3 − 10−1 V/K (see Fig. 1). In combination
with the multilayered “hot” electrode it yields as much
as ZδT ∼ 102.
The electric power generated by a single G-TEG is
evaluated as Qel ≃ κHCFGqV 2SG ≃ 1 mW, where
κHCF =
√
m∗/me(δTH/RR/δTRR/C), Gq = 2e
2/h =
7.75 × 10−5 Ω−1, and we have used m∗/me = 102
(which corresponds to γ = 0.05 meV), δTH/RR = 300 K,
δTRR/C = 30 K, VSG = 0.1 V. Let us assume that the
length of a single G-TEG element is LG ≃ 2.5 µm, the
G-stripe width is WG = 10 nm, and the period in the
y-direction is Wp = 40 nm. Then the TEG device by
size 1 cm×1 cm contains NG = 109 G-TEG elements
which might generate the electric power about 1 MW.
One can see that the G-TEG efficiency largely depends
on the maximum value of VSG and on reducing of Λph.
For practical realizations, instead of d.c. gate voltages,
one can operate the TEG at industrial a.c. frequency
f = 60 or 50 Hz. The industrial a.c. power period is 1010
times longer than typical timescale of the excessive heat
dissolution. An extra heat in TEG is dissolved ten bil-
lion times faster than industrial voltage period ∼ 0.02 s.
That’s because the heat dissolution occurs on a time scale
of the diffusion time or the energy recombination time.
The diffusion time for relatively ”clean” graphene with
the RR-region size LRR ≃ 1 µm is ∼ 1012 s and the en-
ergy recombination time in graphene also is ∼ 10−12 s.
Therefore the industrial voltage frequency cannot impact
the TEG performance in no way. It can be used for gen-
erating the a.c. voltage using a steady heat source and
6the a.c. split gate voltages. The required a.c. VG and
VSG might be generated immediately during the heat to
electricity conversion process.
Many graphene stripes often represent a combination
of different sections with zigzag (GZZ) and armchair
(GAC) edges. The electron states from adjacent GZZ and
GAC sections are hybridized with each other. Because
the quantized levels in the GZZ and GAC sections are lo-
calized at different energies, the inter-sectional ZZ/AC-
coupling leads to broadening of the quantized states. It
resuls in degrading the Seebeck coefficient and electric
conductance and it also reduces the figure of merit.
The obtained result suggests that the G-TEG devices
which exploit filtering of the electric/heat currents and of
using the voltage-controlled spectral singularities are able
to improving of the thermoelectric conversion efficiency
and the generated output electric power by 2-3 orders
of magnitude as compared to presently known devices.
There are several new results in the work. They are (i)
The suggested HCF singularities are much stronger than
other types of spectral singularities (e.g., VHS singulari-
ties), therefore the HCF states add orders of magnitude
more into the figure of merit ZT and into the generated
electric power. The HCF peak position is controlled by
the local gate voltage. (ii) The multilayered metallic pad
with random thickness of layers provides another way of
a substantial increase the figure of merit.
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